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Abstract
We study the entropy relations of multi-horizons black holes in higher dimensional (A)dS spacetime with maximal symmetries,
including Einstein-Maxwell gravity and f(R)(-Maxwell) gravity. These additional equalities in thermodynamics are expected to
be useful to understanding the origin of black hole entropy at the microscopic level. Revisiting the entropy product introduced
by Cvetic etc, in our case, it has an unexpected behavior. It is shown that this electric charge Q plays an important role in this
entropy product. The entropy product of charged black holes only depends on the electric charge Q and is mass independence.
When Q vanishes in the solution, it turns to mass dependence, even when including the effect of the un-physical “virtual”
horizons. In this sense, the “universal relation” of this entropy product is destroyed. Then we introduce another kind of
“universal” entropy relation, which only depends on the cosmological constant Λ and the background topology k, and which
does not depend on the conserved charges Q, nor even the mass M .
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1
I. INTRODUCTION
Since the thermodynamics of black holes has been established, the entropy of horizon is a fascinated research
interest. The recent popular topic is the additional equalities in thermodynamics, which are expected to be useful of
understanding the origin of black hole entropy at the microscopic level. These equalities include the entropy product
of multi-horizons black hole in super-gravity model [1–5], Einstein gravity [6–13] and other modified gravity models
[3, 14–17] in both four and high dimensions, and the entropy sum [18, 19] of multi-horizons black hole. It is always
shown that the entropy product and sum are often independent of the mass of the black hole [1–5, 7–10, 12, 16–19],
while the former fails in some asymptotical non-flat spacetime [6, 11, 14, 15]. However, in order to preserve the
mass independence, one need include the necessary effect of the un-physical “virtual” horizons [11, 18, 19]. Only in
this way, these additional equalities of multi-horizons of black holes are ”universal”. On the other hand, by using of
the new thermodynamics relations the construction of thermodynamics for inner horizon of black hole catches more
attentions recently [6, 7, 9, 13, 14, 20–23]. These make investigating the properties of inner horizons of black hole
more interesting, especially for the above additional equalities of multi-horizons to be found.
After looking at the entropy product or sum of multi-horizons of the black hole, one can find that they only depend
on the conserved charges: the electric charge Q, the angular momentum J , or the cosmological constant Λ (which can
be treated as pressure in AdS spacetime after explaining the mass of the black hole as enthalpy rather than internal
energy of the system). For example, the area product (entropy product) of stationary (3 + 1) dimensional black hole
is Q and J dependence [21–23]
ACAE = (8π)
2
(
J2 +
Q4
4
)
. (1)
where AC and AE denote the horizon areas of inner Cauchy horizon and event horizon respectively. The conclusion is
generalized to rotating multicharge black holes, both in asymptotically flat and asymptotically anti-de Sitter spacetime
in four and higher dimensions [1]. The Λ dependence is shown in the entropy sum of four dimensional RN-(A)dS
black hole [18, 19]:
∑
Si =
6πk
Λ . In this paper, we introduce more types of entropy products and consider their
conserved charge dependence in high dimensions. We are aimed in high dimensions, as studies of gravity in higher
dimensions might reveal deeper structures of general relativity, such as stability issues and classification of singularities
of spacetime in various dimensions. Entropy products of multihorizons in four dimensions help us to understand the
origin of black hole entropy at the microscopic level. In this sense, the entropy relations in high dimensions might
also lead to a further studying on this issue. However, this is not a new idea, as in [11], some interesting entropy
product with mass independence were shown in four dimensions. Generalizations to higher dimensional spacetime,
the results in this paper agree with this aim and have shown a whole look at the extra thermodynamical relationships,
especially for some “universal” and mass independent entropy product. Firstly we find this type of entropy product,∑
1≤i<j≤D(SiSj)
1
d−2 , only depends on the cosmological constant Λ and horizon topology k, and which does not
depend on the other conserved charges. Here and below we use D to denote the number of the roots of polynomial,
i.e. the number of the horizons. For another type of charged black hole the
∏D
i=1 Si only depends on the electric
charge Q. However, the electric charge Q plays a switch role in latter case. When Q vanishes in the solution, the
entropy product turns to mass dependence.
This paper is organized as follows. In the next Section, we will investigate the“entropy product” of higher dimen-
sional (A)dS black holes in Einstein-Maxwell Gravity. In Section 3, we discuss the“entropy product” of (A)dS black
holes in f(R)-Maxwell Gravity. Section 4 is devoted to the conclusions and discussions.
II. HIGHER DIMENSIONAL (A)DS BLACK HOLES IN EINSTEIN-MAXWELL GRAVITY
A. Charged Black Holes
The Einstein-Maxwell Lagrangian in higher dimensions d (d ≥ 4) reads
L = 1
16πG
∫
ddx
√−g[R− FµνFµν − 2Λ], (2)
where Λ = ± (d−1)(d−2)2ℓ2 is the cosmological constant associated with cosmological scale ℓ. Here, the negative cosmo-
logical constant corresponds to AdS spacetime while positive one corresponds to dS spacetime. For a charged static
black hole in maximal symmetric Einstein space, the metric takes the ansatz
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2dΩ2d−2, (3)
2
where dΩ2d−2 represents the line element of a (d − 2)-dimensional maximal symmetric Einstein space with constant
curvature (d− 2)(d− 3)k, and the k = 1, 0 and −1, corresponding to the spherical, Ricci flat and hyperbolic topology
of the black hole horizon, respectively. The metric function V (r) is given by [24–27]
V (r) = k − 2M
rd−3
+
Q2
r2(d−3)
− 2Λ
(d− 1)(d− 2)r
2, (4)
where M is the mass parameter and Q is the charge of the black hole. In the Einstein-Maxwell gravity, the entropy
of horizon located in r = ri, as usual, is given by (We have set G = 1.)
Si =
Ai
4
=
π(d−1)/2
2Γ
(
d−1
2
)rd−2i , (5)
where ri which are the roots of V (r), are the horizon coordinates. According to the horizon function (4), in principle
this high order polynomial has D = 2(d− 2) roots. The real positive roots correspond to physical horizons while the
negative or complex ones correspond to un-physical horizons which we mean “virtual” horizons. We can introduce
some entropy relations, which are either conserved quantity independent or special conserved quantity dependent.
Rewriting V (r) = 0 by (4), we obtain
2Λ
(d− 1)(d− 2)r
2d−4 − kr2(d−3) + 2Mrd−3 −Q2 = 0 (6)
By using the Vieta theorem on the above equation, one can find
∑
1≤i<j≤D
rirj = −k(d− 1)(d− 2)
2Λ
, (7)
D∏
i=1
ri = −Q
2(d− 1)(d− 2)
2Λ
, (8)
∑
1≤i1<i2···<ia≤D
d−1∏
a=1
ria = (−1)d−1
M(d− 1)(d− 2)
Λ
. (9)
After inserting the inverse of the entropy (5) as
ri =

2Γ
(
d−1
2
)
Si
π
d−1
2


1
d−2
(10)
one can obtain the following type of entropy product
∑
1≤i<j≤D
(SiSj)
1
d−2 = −k(d− 1)(d− 2)π
d−1
d−2
2Λ
(
2Γ
(
d−1
2
)) 2
d−2
(11)
which only depends on the cosmological constant Λ and horizon topology k. Another type of entropy product with
the well-known mass independence is
D∏
i=1
Si =

−Q2(d− 1)(d− 2)πd−1
8ΛΓ
(
d−1
2
)2


d−2
(12)
Once again, it depends on cosmological constant Λ and electric charge Q, except for mass M . The same phenomenon
also happens in the entropy product study of (A)dS black holes [1, 11]. And the last one
∑
1≤i1<i2···<ia≤D
(
d−1∏
a=1
Sia
) 1
d−2
= (−1)d−1

 π d−12
2Γ
(
d−1
2
)


d−1
d−2
M(d− 1)(d− 2)
Λ
. (13)
is mass dependent.
3
B. Neutral Black Holes
If the Maxwell term vanishes in the Lagrangian (2), the situation will be different from our discussion above. Then
the Lagrangian is the standard Einstein case
L = 1
16πG
∫
ddx
√−g(R− 2Λ). (14)
We still make the same metric ansatz (3) i.e. the maximal symmetric, static black hole solution. In this case the
metric function reduces to
V (r) = k − 2M
rd−3
− 2Λ
(d− 1)(d− 2)r
2. (15)
In fact when d = 4, the metric reduce to Schwarzschild (A)dS black holes. Rewriting it to a polynomial equation of
r, which shows the horizons of the black hole,
2Λ
(d− 1)(d− 2)r
d−1 − krd−3 + 2M = 0. (16)
The black hole possesses D = d−1 horizons at most, including “virtual” horizon. By the same help of Vieta theorem,
we have
∑
1≤i<j≤D
rirj = −k(d− 1)(d− 2)
2Λ
, (17)
D∏
i=1
ri = (−1)DM(d− 1)(d− 2)
Λ
. (18)
which immediately result in the following two entropy products
∑
1≤i<j≤D
(SiSj)
1
d−2 = −k(d− 1)(d− 2)π
d−1
d−2
2Λ
(
2Γ
(
d−1
2
)) 2
d−2
, (19)
D∏
i=1
Si =

 π d−12
2Γ
(
d−1
2
)


d−1(
M(d− 1)(d− 2)
Λ
)d−2
. (20)
The former one has the same behavior with the charged case (11). They both only depend on the cosmological
constant Λ and horizon topology k. One need note that the two entropy products have different number of horizons
D, including physical and un-physical (“virtual”) ones. This type of entropy product relation is also firstly introduced
in [11]. In that paper, instead of the entropy S, horizon area A is used for S = 14A. The latter entropy product,
however, is mass dependent, which destroys the well-known mass independence. For this latter one, the electric charge
Q seems to play a switch role: when Q vanishes, the entropy product turns to mass dependence.
A detailed discussion that considers these two types of entropy products in an asymptotical flat spacetime can be
found in the Appendix. It is shown that, for the former one, the cosmological constant Λ seems to play a switch
role: when Λ vanishes, the entropy product turns to mass dependence. The phenomenon for additional equalities in
thermodynamics also happens in the entropy sum study of multi-horizon black hole [18]. However, another type of
entropy product has the expected electric charge Q dependence.
III. HIGHER DIMENSIONAL (A)DS BLACK HOLES IN f(R) GRAVITY
In this section, we will consider the f(R) gravity for a further test of the entropy products of multi-horizon black
holes.
4
A. Charged Solution
Since the standard Maxwell energy-momentum tensor is not traceless, people failed to derive higher dimensional
black hole/string solutions from f(R) gravity coupled to standard Maxwell field [19]. This makes us can only discuss
the charged black hole in four dimensions.
Let us consider the action for four dimensional f(R) gravity with Maxwell term,
L = 1
16πG
∫
d4x
√−g[R+ f(R)− FµνFµν ], (21)
where f(R) is an arbitrary function of the scalar curvature R. We will focus on the static, spherically symmetric
constant curvature (R = R0) solution with the same metric ansatz as Eq.(3), in which the horizon function behaves
as [28–31]
V (r) = k − 2µ
r
+
q2
r2
1
(1 + f ′(R0))
− R0
12
r2. (22)
where the cosmological constant of this theory is then have the form Λf =
R0
4 . The parameters µ and q are related
to the mass and charge of black hole, respectively. The number of horizons can be D = 4 at most, including the
“virtual” horizon. The entropy of all horizons is
Si =
Ai
4
(1 + f ′(R0)). (23)
Where f ′(R0) =
∂f(R)
∂R
∣∣∣
R=R0
and Ai = 4πr
2
i . We are interested in the entropy product of multi-horizons, which are
the roots of the following equation
R0
12
r4 − kr2 + 2µr − q
2
1 + f ′(R0)
= 0. (24)
Then we can get ∑
1≤i<j≤4
rirj = −12k
R0
, (25)
4∏
i=1
ri = − 12q
2
(1 + f ′(R0))R0
. (26)
Obviously these two relationships lead to the following entropy product∑
1≤i<j≤4
√
SiSj = −12k
R0
(1 + f ′(R0))π (27)
and
4∏
i=1
Si =
144π4q4(1 + f ′(R0))
2
R20
. (28)
After inserting R0 = 4Λf , the conserved charge dependence of entropy products,
∑
1≤i<j≤D(SiSj)
1
d−2 and
∏D
i=1 Si,
are tested in f(R) gravity. They behavior like that in Einstein gravity: the former depends on cosmological constant
Λ and the horizon topology k; while the latter depends on Λ and electric charge Q. Both of them are independence
of mass M .
B. Neutral Solution
Let us consider the Lagrangian of f(R) gravity in higher dimensions
L =
∫
ddx
√−g(R+ f(R)). (29)
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After choosing the same metric ansatz as Eq.(3), the metric function is [28]
V (r) = k − 2m
rd−3
− R0
d(d− 1)r
2, (30)
The parameterm is a integral constant related to the mass (total energy) of the black hole. The cosmological constant
is Λf =
d−2
2d R0. The entropy also satisfies the area theorem, and takes the form as
Si =
Ai
4
(1 + f ′(R0)). (31)
with the area of every horizon
Ai =
2π(d−1)/2
Γ
(
d−1
2
) rd−2i
where ri is the horizon and should be the root of Eq.(30), namely,
R0
d(d − 1)r
d−1 − krd−3 + 2m = 0. (32)
The black hole at most can possess D = d − 1 horizons including the “virtual” horizon. Then according to Vieta’s
theorem, we can obtain
∑
1≤i<j≤D
rirj = −k d(d− 1)
R0
(33)
D∏
i
ri = (−1)D 2md(d− 1)
R0
(34)
Followig the same procedure we inverse (31) as
ri =

 2Γ
(
d−1
2
)
Si
π
d−1
2 (1 + f ′(R0))


1
d−2
. (35)
Then we get this type of entropy product
∑
1≤i<j≤D
(SiSj)
1
d−2 = −kd(d− 1)
R0

π d−12 (1 + f ′(R0))
2Γ
(
d−1
2
)


2
d−2
(36)
We note that R0 =
2dΛf
d−2 , which means the above one only depends on the cosmological constant. To consider (11),
(19), (27) and (36) together, one can treat them as one type of entropy product, consisting of the sum of part of the
entropy product and only having different numbers of the possible horizons D. Furthermore, this type of entropy
product,
∑
1≤i<j≤D(SiSj)
1
d−2 is always conserved quantities independent. That means this quantity does not relate
to the mass or electric charge distribution. This entropy product only depends on the cosmological constant and
horizon topology in both Einstein gravity and f(R) gravity with or without Maxwell field source in the spacetime. In
this sense, we conclude the entropy product,
∑
1≤i<j≤D(SiSj)
1
d−2 , is “universal”.
However, the entropy product
D∏
i=1
Si =
(
π(d−1)/2(1 + f ′(R0))
2Γ
(
d−1
2
)
)d−1(
2md(d− 1)
R0
)d−2
(37)
is mass dependent, even including the effect of the un-physical “virtual” horizon. It is quite different from the
suggestion provided in [1] and [11], where the mass independence of entropy product
∏D
i=1 Si always fails for the
uncharged black holes.
6
IV. CONCLUSION
We have discussed the entropy products of the higher dimensional (A)dS black holes in Einstein-Maxwell and
f(R)(-Maxwell) gravity, which have possessed similar formula and can be concluded as below
1. There exists a “universal” quantity
∑
1≤i<j≤D(SiSj)
1
d−2 , which only depends on the cosmological constant Λ
and background topology k and does not depend on the conserved charges Q, nor even the mass M .
2. Being different from [1] and [11], another entropy product
∏D
i=1 Si in our case has an unexpected behavior. It
is shown that the electric charge Q plays an important role in this entropy product. The entropy product of
charged black holes only depend on the electric charge Q and it is mass independence. When Q vanishes in the
solution, it becomes mass dependent, even when including the effect of the unphysical virtual horizons. In this
sense, the “universal property” of this entropy product is destroyed.
After having a whole look at entropy product or entropy sum to multi-horizons of the black hole, one can find that
they all only depend on the conserved charges: the electric charge Q, the angular momentum J , or the cosmological
constant Λ (which can be treated as pressure in AdS spacetime after interpreting the mass of the black hole as the
thermodynamic enthalpy rather than internal energy of the system). The use of the entropy relation now is not clear,
but it may be relevant to the holographic description of black holes in the future. A further test on the entropy
product of the rotating black hole and its reduced static black hole is planned to be a future task.
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Appendix A: Higher Dimensional Einstein-Maxwell Black Holes in Asymptotical Flat Spacetime
We should note that when we “switch off” the cosmological constant Λ in higher dimensional (A)dS Einstein-
Maxwell solutions, the result is the generalized ordinary Reissner-Nordsto¨rm black hole. The Lagrangian is
L = 1
16πG
∫
ddx
√−g[R− FµνFµν ] (A1)
Similarly we take the same metric ansatz (3) and the metric function
V (r) = k − 2M
rd−3
+
Q2
r2(d−3)
. (A2)
Immediately we get
2(d−3)∏
i=1
ri =
Q2
k
, (A3)
∑
1≤i1<i2···<ia≤D
d−3∏
a=1
ria = (−1)d−3
−2M
k
, (A4)
where we have considered that the number of the horizon is maximum. As we know, when k = 0, i.e. the black hole
horizon with Ricci flat topology,
∫
dΩ2d−2 can be arbitrary positive [32], which makes the entropy arbitrary positive
as well. However, this is out of our discussion. Thus, in the following discussion we will consider with k = ±1, which
correspond to spherical or hyperbolic horizons. The above two equations directly derive the entropy product
∑
1≤i1<i2···<ia≤D
(
d−3∏
a=1
Sia
) 1
d−2
=

 π d−12
2Γ
(
d−1
2
)


d−3
d−2
(−1)d−2 2M
k
. (A5)
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and
2(d−3)∏
i=1
Si =
(
π(d−1)/2
2Γ
(
d−1
2
)
)2(d−3)(
Q2
k
)d−2
. (A6)
Comparing with the (A)dS case, we find the type of entropy product,∑
1≤i1<i2···<ia≤D
(∏d−3
a=1 Sia
) 1
d−2
, becomes mass M and horizon topology k dependence and does not depend on the
cosmological constant Λ. This entropy product can be treated as the same type with (11), both of which consist
of the sum of the “part” entropy product. Thus, for this entropy product, the cosmological constant Λ seems to
play a reversed role instead of Q: when Λ vanishes, the entropy product becomes mass dependent. In other word,
mass maybe be the next order of Λ for this entropy product. The is not a new phenomenon for additional equalities
in thermodynamics, as it also happens in the entropy sum study of multi-horizon black hole [18]. Another type of
charged black hole
∏2(d−3)
i=1 Si has the same electric charge Q dependence with the (A)dS case.
Let us continue to consider the case that even the electric charge Q = 0 i.e. the “pure” gravity field. In fact it is a
higher dimensional Schwarzschild black hole with the metric function
V (r) = k − 2M
rd−3
. (A7)
We have one “physical” horizon (event horizon) and (d − 4) “virtual” horizons. There is only one type of entropy
product as
d−3∏
i=1
Si =
(
π(d−1)/2
2Γ
(
d−1
2
)
)d−3(−2M
k
)d−2
. (A8)
Obviously, the entropy product is mass dependence, which is consistent with the case of uncharged (A)dS black hole.
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